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AND RELATED MANIFOLDS
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Abstract. There is considered the image of the symplectic cobordism ring Q3 in
the unoriented cobordism ring N,. A polynomial subalgebra of N, is exhibited, with
all generators in dimensions divisible by 16, such that the image is contained in the
polynomial subalgebra. The methods combine the K-theory characteristic numbers
as used by Stong with the use of the Landweber-Novikov ring.

Let M be a closed smooth manifold of dimension k. For n large, M can be
embedded in S*"*¥ in essentially only one way. Let v denote the normal bundle of
the embedding. We say that M is quaternionic if v has the structure of a quater-
nionic vector bundle. Stong [11] proved that in dimensions k<24 all Stiefel-
Whitney numbers of a quaternionic manifold M * vanish. In his thesis, David Segal
[8] extended this to dimensions k < 32. He also showed the existence of a quater-
nionic M 32 unorientedly cobordant to [RP(2)]'S.

To put the situation more generally, there is the unoriented cobordism ring
Ny=> N,, and there is a quaternionic cobordism group Q§?=> Q37 [10]. There is a
natural homomorphism Q5 — N,, and Im (Q$ — N,) is the subalgebra of N,
consisting of all cobordism classes represented by quaternionic manifolds M. 1
am not able to compute this image, but I do give an upper bound to the image and
now turn to an outline of the method. In their more widely ranging studies
of symplectic cobordism, both Porter [14] and Segal have recently obtained very
closely related results.

Let A’ denote a graded vector space over Z, with basis consisting of all s®, where
R ranges over all sequences R=(ry, 75, . . .) of nonnegative integers with > r, <oo
and where deg s¥= > kr,. Landweber [5] and Novikov [7] put a Hopf algebra
structure on 4’. The product can be defined as composition of operators. Namely
each s® acts on any polynomial algebra Z,[x,, ..., x,] by

s°(x) = x;,

s8%(x;) = x¥*1 where A, =(0,...,0,1,0,...),
sf(x) =0 ifR# 0and R # A,

Sfy2) = 2 sh()s().

R1+Rg=R
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The mod 2 Steenrod algebra % can be considered as a subalgebra of A’ by identify-
ing Sq* with s¥*41. There is also the subalgebra T of 4’ generated by sz and all the
Sq*. As always, A’/T*- A’ has a natural coproduct where T* consists of all sums
of elements of T of positive degree. Its dual algebra is a polynomial algebra with
generators in each dimension 2% (k> 1), each 2(2k—1) where k#2/, and each 2k
with k#27. More specifically, we show in §4 that A’ is a free left T-module with basis
elements s® for all R with ryi_; =0, rg;_1=0 mod 2 for k#2/, ryc=0 mod 2.

Now let MO denote the Thom spectrum of the orthogonal group, so that
m,(MO) is the unoriented cobordism group N,. There is the pairing

H*(MO; Z,) @ Ny —>Z,
sending s* ® [M] into the normal characteristic number mod 2 s*[M]. We may
identify H*(MO; Z,) with 4’ and obtain A, ® N, — Z,. According to Thom [12],
A'[F*-A)e @ Ny —~Z,

is a dual pairing.

Define P, <= N, to be all cobordism classes [M] of N, such that (s22s%)[M]=0,
for all R of degree k—2. Then P=3 P, is a subalgebra of N, and P; is the dual
group of (4’/T* A’),. In §5 we show that we can select a basis [M 2], [M*], [M®], ...
for the polynomial algebra N, such that P is the subalgebra generated by all
[M32k-112 for k#27, [M?]?, [M?*] for k#2'.

Similarly define U to be the subalgebra of A’ generated by s22, s222 and all Sg*.
In §4 the structure of A’/U* A’ is computed. In §5 we let @, <N, be all [M] with

(s22s®)[M] = 0, degree R = k-2,
(s282s®)[M] = 0, degree R = k—4.

We show that Q=3 Q, is given by Q=P2
Consider now the spectrum MSp coming from the symplectic group. Then
Q$P=m,(MSp). There is the pairing

H*(MSp; Z;) @ Q5F > Z,.

We can regard H*(MSp;Z,) as another copy of the Hopf algebra A’, with
generators 'S ®. The two key remarks of §3 which make possible the use of 4’ are
the following: if [M] e Q3% then

('S%2-'S*)[M] =0mod 2, R of degree k—2;
if [M] € Q3 then
('S%82.'SF)[M] = 0mod 2, degree R = k—4.

These assertions are proved by a very standard use of K-theory, in particular the
Adams operations. §§2 and 3 are largely devoted to a proof of these remarks.
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The homomorphism Q§f — N, comes from a map of spectra g: MSp — MO.
We have

g¥*(s*®) = 'S*&, g*s®) =0 if R # 4R
Hence if [M] € Im (Q§? — N,) then
(s*2-s9)[M] =0,  (s%2-sP)[M] =0,
sF[M] =0, R’ # 4R.
It follows without difficulty that
Im (Q§ — N,) < Q* = P&

That is, there is a basis [M2], [M*], [M?®],--- for N, such that Im (Q§? — N,) is
contained in the polynomial subalgebra generated by

[M2]'S, [M4'e, [MS]s, [Ms]s’

Here M2“ and M2 for I#27 occur to the power 16, M2* for k# 2’ to the power 8.
This is one of the two main theorems of the paper.

While about it, it is easy to prove a similar assertion for another natural sub-
algebra E of N,. Let E,, consist of all cobordism classes N, which are represented
by weakly almost complex manifolds M for which all Chern numbers

Cor+1Ciy* * 'Ct,[M]
vanish. We prove that E<P* so that E is contained in the subalgebra generated by
(M2, M8, [MP]5, [MO],

This is the other principal theorem of the paper. We conjecture that E=P*; at
least as in §1 one can construct a few nonzero elements of E. In fact, in a later paper
we hope to prove E=P* using methods similar to those of Stong [11].

1. A few examples. The purpose of this section is to prove the following.

THEOREM. There is a closed smooth manifold M*5", unorientedly cobordant to
[RP(2n)}8, whose stable tangent bundle

(M) —16n € KO(M)
is of the form 2y where y € KO(M).
Proof. Consider the complex Grassmann manifold
M = CM(4n, 2)

consisting of all 2-dimensional vector subspaces V of C***2, There is the bundle ¢
associating with each V'€ M all x € V, the trivial bundle 4n+2 associating with V'
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all xe C***2, and ¢* associating with V all xe V'* where V! is the orthogonal
complement of V in C***2, The tangent bundle to M is [4]
(M) = Homc (¢, £')
= Homg (¢, 4n+2)—Homc (¢, §)
(4n+2)é—Homg (¢, §).

There is the operator «: Homg (¢, £) — Homg (¢, ¢€) where o(p) is the adjoint
¢* of ¢. Clearly « is a conjugate linear involution. Let

A+ ={(P:a(¢)=¢}’ A_ ={(P:a((p)= —(p}
Then
Homc(f, f) = A++A_

and multiplication by i is a real isomorphism between A, and A_. Hence
Hom, (¢, £)is of the form 2x in KO(M), and (M) — 16n=2y for some y € KO(M).

The equation [CM(4n,2)]=[RP(2n)]® follows readily from the equations
[CM(n, k)]=[RM(n, k)%, [RM(2n, 2k)]=[CM (n, k)]?°. Here CM(n, k) consists
of all k-dimensional complex vector subspaces of C*~* and RM(n, k) of all real
k-dimensional real subspaces of R"~*. Each of these follows from the theorem [1]:
Let T: M — M be a smooth involution on the closed smooth manifold M 2", with
fixed point set F of dimension #n; if the normal bundle to F has the same Stiefel-
Whitney classes as the tangent bundle of F, then [M]=[F]2.

Consider R2"+2k=Cn+** and let M= RM(2n, 2k). There is T: M — M defined
by T(V)=I(V) where I is multiplication by i. The fixed point set F is clearly
CM(n, k). The inclusion i: F< M induces i*7(M) and

i*7(M) = Homy (i*¢, i*£4).
For V € F, we have V is a complex vector space and
Homg (¥, V1) = Hom¢ (V, VY)+Home (V, V1)

where the second term denotes all conjugate linear homomorphisms. Now
Hom (i*¢, i*¢Y) is the tangent bundle (F), hence the normal bundle 5 to F in

Mis
n = Homg (i*¢, i*£Y).
Hence
€F) = i*(€) ®ci*¢, 1 =1 Qci*E.

These two bundles have the same Chern classes reduced mod 2, hence they have
the same Stiefel-Whitney classes. The second equation follows. The first follows
readily from [1, pp. 64-65].
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It is possible to put the above construction a little more generally, but I do not
know how to take advantage of the added generality. Namely suppose M is a
closed smooth manifold whose stable tangent bundle is of the form 2y for some
y € KO(M). Let £ be a smooth complex bundle over M and let CM(2¢, 2) denote
the space of all two-dimensional vector subspaces of fibers of 2£. Then M’
=CM(2¢, 2) has stable tangent bundle of the form 2z for some z € KO(M").

Note that we can make M %" weakly almost complex by assigning to its stable
tangent bundle the complex structure of the complexification of y. In this complex
structure we have c,, , ;(M*%") =0 since on the one hand c,, , ;(M ") is torsion and
on the other hand H*(M!®") has no torsion. Hence

Cor+1Cyy * * ‘Cc,,[an] =0
whether the Chern numbers are those of the tangent bundle or the normal bundle.
That is, [RP(2n))® € Ei,.

2. The spectra of Thom spaces. Let £ be the canonical complex line bundle
over BU(1), and let  be the canonical quaternionic line bundle over BSp(1). There
is a map

g: BU(1) - BSp(1)

with g*(n)=¢+ €. Let v=7—2in K(BSp(1)). Then K(BSp(1)) is the ring of formal
power series Z[[v]]. We may take H*(BSp(1)) as Z[u] for ue H*(BSp(1)), and
suppose

ch v = u+higher order terms.
Also if 2 is the Adams operation,
g¥P(m—=2) = YA(E+E-2) = £+ -2 = (E+E-2+4((+E-2)

so that J%(v) =4v + 0% More generally we can identify K*(BSp(1)) with K*(pt)[[v]].
Similarly we can consider v'=7—1 as an element of KO*( )~ KSp( ) and

KO*(BSp(1)) = KO*(pn)[[v']].

The natural homomorphism KO*( ) — K*( ) maps v’ into v and v into v™.
One can next check that

H*(BSp(1)x - -+ x BSp(1)) = Z[uy, - - -, uy),
KO*(BSp(1) x - - - x BSp(1)) ~ KO*(pt)[[vs, ..., va]l,
K*(BSp(1)x - - - x BSp(1)) & K*(pt)[[vy, - - -, v,

where ch v;=u;+higher order terms, y?%(v;)=4v;+vi, KO*( ) > K*( ) maps v;
into v;.
One can use Dold’s theorem [2] on the natural map

BSp(1) x - - - x BSp(1) — BSp(n)
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to check that H*(BSp(n)), KO*(BSp(n)), K*(BSp(n)) can be identified with the
symmetric terms of
Z[ul, ey un]9 KO*(Pt)[[Di, R} v;t]]a K*(Pt)[[l’h ey vn]]

respectively.

Finally we identify MSp(n) with BSp(n)/BSp(n—1) to obtain an exact sequence

f*
-+« —> B (MSp(n)) —> h*(BSp(n)) —> h*(BSp(n—1)) —>- - -

for h=H, KO or K. In each case f* is an epimorphism with kernel the ideal
generated by u, - - -u,, vy - -0, v, - -,, respectively. Hence we identify A*(MSp)
with the ideal of symmetric polynomials of Z[u,,...,u,] generated by
Uy~ - -un, K(MSp(n)) with the ideal of symmetric formal series in Z [[vy, ..., vall
generated by v, - - -v,, and KO*(MSp(n)) with the ideal of symmetric elements of
KO*[[vi, . . ., v,]] generated by v;- - -0y,

There is the spectrum MSp generated by the MSp(n), and the groups HA*(MSp),
Ro*(MSp), K*(MSp) defined as inverse limits.

For each sequence R=(r,rs,...,r....) of nonnegative integers with
|R| =3 r,<oo, there is the element 'S ® of A*(MSp) represented in A*(MSp(n)) by

'QR _ 2 2 : 3 4
S —Zur"“ylu‘?ln'"ur1+r2'ur1+r2+1'“um|+1'““n

for n large. ‘

Define |R| =32 kry, so that ‘S* e H*IRI(MSp).

Hence we identify H*(MSp) with the free abelian group A generated by all 'S*®
for all R. Similarly K(MSp) contains a free abelian group A generated by all S,
where S is represented in K(MSp(n)) by

R — 2 2,3 3
S _zvl"'vrlvr1+1'"Ur1+r3"'lel+1"'Un-

Moreover ch S®='S®+ higher order terms.

There is the quaternionic cobordism group Q37 [10], which may either be regarded
as all bordism classes of closed smooth k-manifolds with given quaternionic
structure on the stable normal bundle, or as all homotopy classes of maps

f: S *k— MSp(n), nlarge.

Given [M] e Qff represented by f: S*"** — MSp(n) and given 'S®, we get the
integer '

'SR[M] = <f* 'SR’ Can+ar)

where o4, 4 is the orientation class of S*"**¥. Note that 'S*[M]=0 unless |R|
=k. Similarly for each S® e K(MSp), we get the integer

SE[M] = {ch f*S*, 0404 01)s
and SE[M]=0 unless |R| Zk. If |R| =k, then SFM]="S*[M].
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The above completes the notation concerning the spectrum MSp. Note that an
equivalent discussion holds for MU except for the remarks about KO*. Namely
H*(MU) can be identified with the free abelian group A generated by all ‘SZ,
where 'S® is represented in H*(MU(n)) by

QR — 2 2 1.3 3
S —‘le’"xr1x11+1"'xr1+r2"'x|RI+1"'xn-

Similarly if [M] e QF, is represented by f: $2"*2* — MU(n), there are the integers
'SE[M], SF[M] defined as before.

Finally there is the spectrum MO. The cohomology group H*(MO; Z,) can be
identified with the vector space over Z, with basis all s* where s ¥ is represented in
H*(MO(n); Z,) by

sR = Z z%. * .2312?14-1' * '21:‘314-1‘2. ‘ ‘Z|R| +1°° ’zn'
For [M] € N,, there is the integer mod 2

sFIM] = {f*s®, opii-
There are natural maps of spectra

Msp £, mu ", mo.
We assume the following facts:
(a) g*: K(MU) — R(MSp) is an epimorphism,
(b) wehaveh*: H*(MO; Z,) — H*(MU; Z,) given by h*(s2*)="S® mod 2, h*(s®)
=0if R#2R/,
(©) g*: A*(MU; Z,) - H*(MSp; Z,) is given by g*('S?®)="S® mod 2, g*('SF)
=0if R#2R'.

3. Divisibility relations among characteristic numbers. Denote by 4 a free
abelian group with basis elements S%, one for each sequence R=(ry, r;,...) of
nonnegative integers with |R|=> r, <. Following Landweber [5] and Novikov
[7], there is a multiplication defined on 4. Each S® operates as a group homomor-
phism on any polynomial algebra Z[x,, ..., x,] with given generators by

S%0x;) = xy,

S%(x;) = xF** where A, = (0,...,0,1,0,...),
SE(x) =0 if R# O0and R # A,

Sy = > SP(y)-S%(2),

Ri+Ry=R

forall y,zeZ[x,,..., x,].
Given R, R’ there exists a unique 7€ A with S¥ o S¥=T on all Z[x,, ..., x,].
In this fashion 4 becomes an associative ring with unit.
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For each nonnegative integer k there is also an operator
SO*:Z[x1, ..., Xp] > Z[X1, .. .5 Xn]
defined by

SQ°%x;) = xy, SQY(x;) = x7,
SQ*(x) =0 fork > 1,

S0yz) = D SQ(»)-SQ(@).
i+i=k
As operators, we have SQ¥= §%:0:0:--2 and thus we identify SQ* with S%:0 e 4.
There are the formulas

SHx) = m!
= rl!rg!"‘(m—lRI)!

X, SQiar) = ()

An element T € A4 is uniquely determined by its operator value T(xyx;- - - Xx,) in
Z[xy, ..., x,] for n large. Thus

Sa(x,- - xp) = Zx‘{xz' C Xy
(SQ!-SQ* ~250%)(xy- - Xa) = 2 2 x3xz - Xn,
and hence
3.1 Stz = 3SQ'-SQ'—SQ2
Similarly
Sa(xy- o xp) = > X{x§xa- - -Xn,
(SQ*-5Q%—SQ°-SQ' —SQ- SQ°+250Y(x1 - - x,) = 4 3, xIxfxg- - - Xn,
and hence
3.2 S%82 = }(SQ?-SQ2—-SQ® SQ'—SQ'-SQ*+250%).
We now turn to the pairing
AQQYF —~>Z, S*Q[M]—> SFM]

of §2 where S*e K(MSp). Let f:S*+%* > MSp(n) and let S®e K(MSp(n))
where r=||R|| £k. Then

R _ 2 3
SP =D v 0h 1 Vimrant O

YES® = 3 (40, + 03 (40, 11 05400
- 4n+rSR+4n+r—1(SQ1_SR)+ e +4n—k+2r(SQk—r.SR)+ een,
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Also
#2SP)M] = Lch f*f*S®, o4t 4>
= 4"*E(ch f*S®, 044 a1y = 4" ESF[M].
Combining the two equations and dividing by 4"~*+2 we get
(3.3) 4%-2SR[M] = 4*"SE[M]+ - - - +4(SO* " 1-S®M]+(SQF-T- SB[ M].
Recall here that [M] € Qff and that |R|=r=k.

(3.4) CorOLLARY. For each [M)e Qff and each S® of degree r<k, we have
(SQ¥-r-S®)[M]=0 mod 4.

(3.5) If [M] € Q$t and if S* € K(MSp) is of degree r <2k, then (SQ%~"-S*)[M]
=0 mod 8.

Proof. Consider MSp(2n), and consider first R with | R| odd. Since || R| is odd,
in KO*(MSp(2n)) there is the element

— 19 '3 ’ ’
z= zlh cUrp+1cUlRj+1t tU2n

and KO*( ) — K( ) maps z into S®. Since KO*( )~ KSp( ), we may as well suppose
that S® is a quaternionic bundle. Then

SF[M®*] = {ch f*(SF), ogn+ex)

and since we can consider f*(S?)e KSp(S®"*8), we get SE[M]=0mod 2. In
particular if |R||=2k—1, (3.3) then gives 12S*[M®*]=(SQ*- S*)[M®*] and hence
(SQ*-SH[M] = 0 mod 8, |R| = 2k—1.
The general case now follows from (3.3), for (§Q%~~1.S¥)[M]=0 mod 2, by the
case already treated.
We can now convert (3.4) and (3.5) into remarks about cohomology character-

istic numbers.
(3.6) For all [M*]) € Q3f and all 'S* € H*~8(MSp) we have

('S%2.'ST)[M*] = 0 mod 2.

Here the product is that of 4=H*(MSp).
Proof. We have

('SAz"SB)[M] = (SA2~SR)[M]
= ((3SQ*-SQ'—SQ%-S*)[M] = 0 mod 2

by (3.4).
(3.7) For all [M®] € Q3 and all 'S* € H®~1(MSp) we have

('S282."SF)[M®] = 0 mod 2.
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Proof. We have
(§%2-/SHIM] = (§%2- ST M]

= (}(SQ*-SQ*—SQ°-SQ'—SQ'-SQ°+250%) - SH)[M]
= 0 mod 2

by (3.5).

We shall next see that (3.6) applies to a considerably more general class of
manifolds M.

Consider H*(MU(2n)) as the ideal of H*(BU(2n)) generated by c,,. In particular,
consider A*(MU(Q2n)) as a module over H*(BU(2n)). The natural map
g: MSp(n) — MU(2n) then has

g*: H*(MU(2n)) — H*(MSp(n))

an epimorphism with kernel the submodule generated by ¢y, cg, ..., Coxs1s- - .-
Hence if

g*: K(MU(2n)) — R(MSp(n))
has g*(T)=0, then chT has every term in the submodule generated by

C15Cay v oy Coats v -n
Consider now the pairing

RMU) @ Q% —~Z, TQI[M]—T[M]

It follows readily from the above that if g*(7)=0 and if every Chern number of
M** involving any c,, ., vanishes, then T[M*]=0. Recall that

g*: K(MU) - K(MSp)

is also an epimorphism. Given S® € K(MSp), select T € K(MU) with g*(T)=S".
Given [M*]e Qf, such that every Chern number of M involving any cs 4
vanishes, then define SF[M *¥]=T[M**]. Note that SF[M*¥] is an integer.

We next see that (3.3) holds for this wider class of manifolds. Recall that
Q5 — QY maps Q5? into the subalgebra W of QY consisting of all [M *¥] such that
every Chern number of [M*¥] involving any c,,,, vanishes. Moreover Q5? — W
is an isomorphism modulo 2-torsion groups. Hence given [M**] e W there is 2°
with 25[M**] e Im Q§P. Then (3.3) holds for 2°M** and hence also for M**. We
can now easily obtain the following.

(3.8) Suppose that [M*¥] € Qf, has all Chern numbers involving any c,, ., vanish-
ing. Then for every 'S® in H*(MSp) with |R| =k, the number 'S*[M**] is well
defined and ('S%2-'S®)[M**]=0 mod 2, |R||=k—2.

4. The mod 2 algebra 4 ® Z,. We now set up the machinery to properly
utilize (3.7) and (3.8). The starting point is the work of Landweber on the
Landweber-Novikov algebra.
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Let A’ be a vector space over Z, with basis consisting of all s® where R ranges
over all sequences R=(ry, ry,...) of nonnegative integers with > r, <oo. Every
element of A’ acts on any polynomial algebra Z,[x,, ..., x,] exactly as in §3. This
determines an associative ring structure on A’, and A'=4 ® Z,. There are also
operators

qu: Z2[x1, RS ] xn] _>22[x1, RS ] xn]

exactly as before, and we consider Sg*=s%°"7¢e 4’. Moreover A’ is a Hopf
algebra with coproduct
Y= D s @sh
Ry +Ra=R

Denote by S <A’ the subalgebra generated by all the Sq*, k=0. Reasoning of
the type of Milnor (see Landweber again) shows that & has as additive basis all s*
for all R=(ry, ry,...) such that r,=0 whenever k is not of the form 2/—1.

We can now set the problem of this section. Denote by 7<= A’ the subalgebra
generated by 522 and by all Sg*; denote by U< A’ the subalgebra generated by sz,
by 5222, and by all Sg*. Then A’ is a left T-module and there is A'/T* - A’. Moreover
A’ is a left U-module and there is 4’/U*-A’. In this section we determine the
structure of A’'/T*-A' and A'/U*-A'.

Linearly order the sequences R by

() R<R'if |R| <|R’[,

(ii) R<Rif |R|=|R’| and if ry=ri, ..., re="ks Fk41>Tis1-

Note that this is a well-ordering, since for any k there are only a finite number of
R with ||R| =k.

For any R, R’ we have

SESR(xy e+ Xp) = SR(Z x3.. .x?ix$i+1. . )

=a(R, R)**®+ >  ars,

T>R+R’

where
aRR)=]] (”‘:' r,,) mod 2.
k
Hence if a(R, R')=1 mod 2 then

SRsR = gR+E 4 z as.
T>R+R’

(4.1) Suppose that x; and y, are sequences of elements of A’, where

xy; = sPi+ 2 ars”.

T>Ryy
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Suppose for i#k or for j#I that R; j# Ry . The elements x,, y; are then linearly
independent in A'.
The proof is quite clear. For in any set of elements R ; there is at least one.
We need now a few computations (see Landweber). Let s, denote s% and let
Sk, denote 522,
(S2pS2q+1)(x1 X3+ -+ X,) = Szp(z X3+ 2x,- - 'xn)

—_ 2q+2,2p+1
= lea x3PtL. .o x,,

(S20+182p)(X1 - " Xn) = Szq+ 1(2 xPHixg 'xn)

=D XPMIIe, x> xPHIXG L x,,

and

¢)) S2pS2q+1+ S2q+152p = S2p+2q+1-
Similarly

)] S2pS2p = Sep

s0 that sgr+1=(s5)?". Also

3 S2p+152¢+1 = S29+152p+1> (52p+1)% = 0.

Moreover for k>1,

(Sq™-5)(x1 -+ - Xp) = Sqn(z X+ lx,- -Xn)
= Z ((k_’"_ 1) Z x'f+r+1x%- . .x?,-,+1x,,_,+2. . )
T

k+1
= Z ( -:.- )sk+r'Sqn_r(x1' ° 'xm)
and
k+1
4 Sq"si = . ( -: )sm-Sq"", k>1.

Recall that T is generated by s, and the Sg*. Since s, € ¥<T and s, € T we
obtain inductively that sy ., € T from Soy 41 =580, -1+ Sg—152. Since sy/_; € L,
the new information here is that s, _, € T for k#27. Also sgx+1 € T.

It follows from (4) that

®) Sqm-Sgk = Sge- Sq"+ Sgk 1 SGP T+ Sgk+1- S0 51, - SqnF L
2k +2 _
Sq" - Sgr+1 = Z( r )52k+r+1‘sq" ’

= z NorSak+ar+1°5G" .
(4.2) T has as additive basis all

(6)

. .
X = (ngs?, . ‘S;k .. ~)(s§533°s§‘1‘- . ,)s(rl,o.ra,0,0.0.r.,,o,...)

where ¢,=0 or 1 and where all but a finite number of the parameters are zero.
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Proof. Letting
X, = (spse- - Nogeste- ),
P, = §T1073:0:0,0 7,000
R ;= (11, €3, I'ss €4, €6, 0, P17, €3,. . .),
we see that x;y;=sF.s+ higher terms. Linear independence then follows from (4.1).

That every element of T can be written as a linear combination of elements in the
form X follows from (1), (2), (3), (5), (6).

(4.3) THEOREM. Consider A’ as a T-module under left multiplication by T. Then
A’ is a free T-module with basis all elements s® for all R with ry_,=0, ry
=0 mod 2, rys_,=0 mod 2 for s#2'.

Proof. That A’ is a free 7-module follows from Milnor-Moore [6], but this is
also self-contained. Let

Xy = (sg2st- - -)(s5o8G° - - )T 00,

Yy = S(0,2r2,0.2r4.2r5.re....),

Rg,j = (rl, 2r2+€2, rs, 2r4+€4, 2r5+€5, ey . . .).

Then x,y;=s®.1+larger terms. Hence the elements y, are linearly independent in
A’ considered as a T-module, using (4.1). Since every R is of the form R, ; it is clear
from induction that the elements x,y; generate A’ as a vector space, and hence the
y; generate A’ as a T-module. The theorem follows.

There is a ring homomorphism «: 4’ — A’ defined by

ofs?®) = 5%,  a(s®)=0 if R # 2R.
For consider a polynomial algebra
M= 2Z[x1,..., Xps...]
and in it consider the subalgebra
N={y*|yeM}.

Now each s® acts on M and s2%(y2)=(s*(»))?, s*¥(y?)=0 for R'#2R. Thus if
R’#2R then s* acts trivially on N, and there is the commutative diagram

R

N___ LN



90 E. E. FLOYD [March

where Mx N is the squaring map. Thus we let «(s®) be the unique s* with com-
‘mutativity holding in

SR
M__ M

~ ~
~ ~

s¥
N__ N

In particular, «(ss,2)=>5s, @(Sq%*)=Sg*, a(s5)=0, «(Sg%***)=0, and o(U)=T
where U is the subalgebra generated by s, 55, and the Sg*. It follows that « maps
A'JU*-A" onto A'|T*-A'.

(4.4) THEOREM. The homomorphism «: A’ — A’ induces an isomorphism

AJU* A=A |T* A
of vector spaces.

Proof. We need the following multiplication formulas.

(1) 52,2842+ Sarc-252,2="54k 42

(2) 52,282,2+ 52,254 +5253,2,2="54,4,

(3) (53¢,20)? =sge+1,gx41, k22,

(4) Soic—3,26-354,4+SaSakc + 1,26 -3+ 54,452k - 3,26 -3 + (3*2 D)S2u 45,23 = S2kc + 1,20+ 1-

It follows from (1) that s, ., € U. Hence also sg;44=(Ssx+2)° € U, ... and all
s, € U. It follows from (2) that s4,, € U and from (3) that sy« o« € U for all k.
Finally (4) implies that sg; . 941 € U for all k.

To prove the theorem, we have only to check that the elements s® for which
rot_1=0,ry_1=0mod 4 for s#2/, rx=0 mod 4, r;;=0 mod 2 for t#2 generate
A’ as a U-module. For clearly the epimorphism A'/U*-A'— A’/T*-A’ maps
these elements into a basis.

Fix m and consider all R with |R|| =m. The largest such s®is s~ and s» € U *.
Fix R and assume that for every R’>R with ||R’|=m that s* is expressible in
terms of the proposed basis elements. Also suppose that every s** is expressed in
terms of the proposed base elements if |R"| <m. Let R=(ry, 7, . . .).

Case 1. If some rgx_; =t#0 then

§H03 15 T1reetgb o gu0irgke) = R 4 Jarger terms.

Hence in this case s* can be suitably expressed.
Case 2. roe=t=4r+¢ where e=1, 2 or 3. Taking the case e=3 we have

szk-s('l"""2k~1'4'+2"3"4-1"") = s"+larger terms

and s® is expressed in terms of the proposed base elements. Similarly if e=1.
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Taking the case e=2 we have

Sg* gkS (TyseesTak_ 10400 — R + larger terms

and this case follows.
Case 3. ry, .1 =4r+¢e where e=1, 2 or 3. This goes exactly as Case 2.

Case 4. ro,=2r+1, k#2.

Sops T1roT2e-120-) = gF4 larger terms.

Since s, € U *, this case follows.
If none of the above hold, then s® is one of the proposed base elements. The

theorem follows.

5. The main theorems. Recall that in §2 we have identified H*(MO; Z,) with
the algebra A'=A4 ® Z, of §4. If N, is the unoriented cobordism group, there is
also the pairing 4’ ® N, — Z, mapping s* ® [M] into sF[M]. Letting 4'=3 A,
where A} is generated by all s® with |R| =k, we have

A, ® N, — Z,,.

Recalling that ¥ <A’ is the Steenrod algebra, we know from Thom that
(#*-A") ® N, — 0 and that the induced map

.1 A'[FL-A) @ Ne—Z,
is a dual pairing.

Consider now the ring T> & of §2. Define P, as the subgroup of N, consisting of
all [M] € N, such that (s3-s®)[M]1=0 for all s* of degree k—2. Alternatively, P, is
the annihilator of (T*-A4"), in A" ® N, — Z, and thus there is the dual pairing

A'T*-A")e @ P, — Z,.
(5.2) P=3 P, is a subalgebra of N,.
Proof. If [M], [M'] € P, then
(2 IMx M= > (sas™)[M]-s%[M']

Ry +Ry=R
+ > sM]-(sasRIM]
R, +Ry=R

and [MxM']eP.

(5.3) THEOREM. There exist generators [M?2], [M*], [M®], ... for Ny as a poly-
nomial algebra over Z, such that P is the polynomial subalgebra with generators
[M2]2, [M*4?, [M®], [M®]2, [M°)2, [M*°],.... Here every [M?**'] and every [M *"]
occurs to the power two and every [M?*] with k+#2' to the power one.

Proof. We know that (4'/T* - A4’), and P, are dually paired. In (4.3) the dimen-

sion of (4'/T* - A'), has been obtained and it agrees with that of the above poly-
nomial subalgebra. Hence we have only to show the existence of a polynomial
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basis for N, such that [M2*+1]2, [M?]2 e P and [M2¥] e P for k#2’. In the first
cases the choice is arbitrary since

(525" [M x M] = D sas*1[M]-s%[M]+ D s"[M]-s,5™[M] = 0.

Thus we have only to show the existence for k #27 of an [M 2] € P, with s, [M 2¥]
=1. From (4.3) we know that s,, ¢ T*- A’ for k+2’. Since

(AL]T*-A) @ P,—Z,
is a dual pairing, there exists [M 2¥] € P,, with sy [M2*]=1. The theorem follows.

(5.4) THEOREM. Define Q, to be the set of all cobordism classes [M ] € N, such that
(i) (s2-s®)[M]1=0, all R with |R|=k—2, and

(ii) (83,2-8®)[M1=0, all R with |R|=k—4.

Let Q=3 Q.. Then Q is a subalgebra of Ny and Q=P2?={x? | x € P}.

Proof. It is readily checked that Q is a subalgebra, and this is left to the reader.
We have a dual pairing
AU A) ® O —>Z,
and an isomorphism
a: A'|JUY-A" = A'|]T+-A'.
It is also readily checked that if M € P, then [M]? € Q,,. The diagram
Pk: _— HOI'n [(AI/T+A,)k, Zz]

Qo —> Hom [(4'/U * A') gy, Z5]

is commutative, where f(x)=x2. Hence f is an isomorphism and Qg,=(P,)% The
theorem follows.

It follows immediately from (5.3) that P, ; =0. Hence in (5.4) we may replace
(ii) by

(i)’ ($2,2-s%)[M]=0 when dim M =2k, |R|=2k—4.

Let E,, denote the subgroup of Ny, consisting of all cobordism classes repre-
sented by a weakly almost complex manifold M2* such that its Chern numbers
satisfy

Cors1€i, € [M] = 0, r=0,1,2,....

Note that this condition is equivalent whether the stable tangent bundle or the
normal bundle is used to define Chern classes. Let E=3 Ey.

(5.5) THEOREM. The subalgebras E, P and Im (Q$f — N,,) of N, satisfy E<P?*,
Im (Q —> N,)<P®.
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Proof. The map g: MSp — MO has g*(s**)="'s® mod 2, g*(s*)=0 for R’ #4R.
Hence for each [M] in Im (Q§? — N,) we have s¥[M]=0 for R’ #4R. From (3.6)
and (3.7) we have

(s*42-sM)[M] =0,  (s%2-s9)[M] =0,

the second holding in case dim M =8k and |R||=8k—16.

From s®[M]=0 unless R'=4R it follows that [M]=[M"]* for some [M’]. For
define A4'—Z, by sF—s*®[M]. Alternatively there is o?: 4’"—> A’ and
a?(x) — x[M], which is well defined. Then «?(Sg*"s*F)=Sg"-s¥, hence Sg™-s* — 0
and the homomorphism A’ — Z, kills &*-A4’. Hence there is an [M’] with
SP[M']1=5**[M], and [M]=[M']*. Then

(s%2-s®)[M'] = 0, (s2%2-sR)[M'] = O,

the latter holding in case dim M =8k. Then by (5.4) and the remark following it,
we have [M'] € P2 and Im (Q§P — N,)<PS8. In exactly the same way using (3.8)
we see that EC P4,

6. Remarks and questions. (a) It can be shown that every [M] e P, is a Wall
manifold, i.e.

wiwy, - ow [M] =0, alli,...,i,.

Thus P is contained in the Wall subalgebra W of N,. Clearly P# W since P;=0
and W5#0. It would be interesting to have a characterization of P as a subalgebra
of W. A generator for W can also serve as generator for Ps. Hence [M€] can be
taken to be the CP(2) bundle over the Klein bottle used by Wall. I have not tried to
obtain models for all the generators M 2*.

(b) From §3 one gets the impression that one might try to study divisibility
relations between Chern numbers in terms of the algebra A. The advantage is that
the Adams operations on 4= K(MU), when suitably stabilized, can be put in
terms of the multiplication of 4. Can one understand the Stong results [9] on

RMU) @ QU—>Z

purely arithmetically? Can one use 4 to make a general arithmetic of divisibility
relations ?

(c) In (5.5) it has been shown only that EcP*, but it seems safe to conjecture
E=P* Since P* is a polynomial algebra with generators of dimensions
16, 32, 40, 24, 64, 72, 40, . . ., it would be enough to exhibit generators in E in these
dimensions. Generators in dimension 16, 32, 64, ... were constructed in §1. By
messy calculations I have shown the existence of an M2* Hence in dimensions
k<40 we have E,=(P*),. Are there polynomial generators of P} whose stable
tangent bundles are complexifications of real bundles? Here the first unanswered
dimension is 24.

(d) Is Im (Q§? — N,)=P%?
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